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A general non-commutative quantum mechanical system
in a central potential V = V (r) in two dimensions is con-
sidered. The spectrum is bounded from below and for large
values of the anticommutative parameter θ, we find an ex-
plicit expression for the eigenvalues. In fact, any quantum
mechanical system with these characteristics is equivalent to
a commutative one in such a way that the interaction V (r) is
replaced by V = V (HˆHO, Lˆz), where HˆHO is the hamiltonian
of the two-dimensional harmonic oscillator and Lˆz is z- com-
ponent of the angular momentum. For other finite values of
θ the model can be solved by using perturbation theory.
Recent results in string theory [1] suggest that the
spacetime could be non-conmutative [2]. This intriguing
possibility implies new and deep changes in our concep-
tion of spacetime that could be visualized at the quantum
mechanical level. For example, unitarity in quantum me-
chanics is assured if time is commutative, but the spatial
non-commutativity , although it is completely consistent
with the standard rules of quantum mechanics, imply the
new Heisenberg relation
∆x∆y ∼ θ, (1)
where θ is the strength of the non-commutative effects
and plays an analogous role to h¯ in usual quantum me-
chanics.
In this letter we would like to discuss a general
non-commutative quantum mechanical system stressing
the differences with the equivalent commutative case.
More precisely, we show that any two-dimensional non-
commutative system in a central potential V = V (r)
where r =
√
|x|2 is equivalent to a commutative system
decribed by the potential
V = V (HˆHO, Lˆz), (2)
where HˆHO is the hamiltonian of the usual (commuta-
tive) two-dimensional harmonic oscillator and Lˆz is the
z-component of the angular momentum.
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In the non-commutative space one replace the ordinary
product by the Moyal or star product
A ⋆B(x) = e
i
2 θ
ij∂
(1)
i
∂
(2)
j A(x1)B(x2)|x1=x2=x. (3)
The only modification to the Schro¨dinger equation
i
∂Ψ(x, t)
∂t
=
[
p2
2m
+ V (x)
]
Ψ(x, t), (4)
is to replace
V (x) ⋆Ψ(x, t) → V (x−
p˜
2
)Ψ, (5)
where p˜ik = θ
ikjkpjk , being θij = θǫij with ǫij the an-
tisimetric tensor. This formula that appeared lately in
connection with string theory was written in [3] although
there is an older version also known as Bopp’s shift [4].
The next step is to consider a central potential in two
dimensions. The right hand side of (5) becomes
V (|x−
p˜
2
|2)Ψ = V (
θ2
4
p2x + x
2 +
θ2
4
p2y + y
2 − θLz)Ψ
= V (ℵˆ)Ψ, (6)
where the ℵˆ operator is defined as
ℵˆ = HˆHO − θLˆz, (7)
and corresponds to a two-dimensional harmonic oscillator
with effective mass m = 2/θ2, frequency ω = θ and an-
gular momentum Lz = xpy − ypx. The symmetry group
for this system is SU(2) and the spectrum of ℵˆ can be
computed noticing that
Lx =
1
2
(a†xax − a
†
yay),
Ly =
1
2
(a†xay + a
†
yax), (8)
Lz =
1
2i
(a†xay − a
†
yax),
are symmetry generators satisfying the Lie algebra
[Li, Lj] = iǫijkLk and, therefore, {ℵˆ, Lˆ
2, Jz =
1
2
Lˆz} is
a complete set of conmuting observables. If we denote
by λjm and |j,m > the eigenvalues and eigenvectors, re-
spectively, then we have the selection rules
j = 0,
1
2
, 1,
3
2
, ...
m = j, j − 1, j − 2, ...,−j. (9)
1
The eigenfunctions |j,m > are well known [5] and the
eigenvalues of ℵˆ are given by
λjm = θ [ 2j + 1− 2m]. (10)
Using these results, the calculation of the eigenvalues
of V (ℵˆ) is straightforward. Indeed, if the eigenvalues
of the operator Aˆ are an, then the function f(Aˆ), after
expanding for small values of ǫ, is
f(Aˆ+ ǫ)ψn =
(
f(Aˆ) + f ′(Aˆ)ǫ+
1
2!
f ′′(Aˆ)ǫ2 · · ·
)
ψn
=
(
f(an) + f
′(an)ǫ+
1
2!
f ′′(an)ǫ
2 · · ·
)
ψn
= f(an + ǫ)ψn → f(an)ψn, (11)
and, as a consequence, the eigenvalue equation of V (ℵˆ)
is
V (ℵˆ) | j,m >= V [ θ (2j + 1− 2m)] | j,m > . (12)
Once equation (12) is found, one must compute the spec-
trum of the full hamiltonian given by
H =
p2
2M
+ V (ℵˆ)
=
2
Mθ2
(
θ2
4
p2 + r2 − θLz
)
−
2
Mθ2
r2 + V (ℵˆ) +
2
Mθ
Lz
=
2
Mθ2
ℵˆ+ V (ℵˆ)−
2
Mθ2
r2 +
2
Mθ
Lz
≡ H0 −
2
Mθ2
r2 +
2
Mθ
Lz. (13)
By using equations (10) and (12) one find that the
eigenvalues of Hˆ0 are
Λj,m =
2
Mθ
[2j + 1− 2m] + V [ θ (2j + 1− 2m)] . (14)
The second term of the Hamiltonian can be treated as a
perturbation for large (but finite) values of θ. For regular,
polynomial-like potentials, the situation is similar to the
solitonic case as in [6].
We will concentrate on the expectations values of the
full Hamiltonian, Ejm = 〈j,m|Hˆ |j,m〉 i.e.
Ejm = < j,m|Hˆ0|j,m > −
2
Mθ2
< j,m|r2|j,m >
+
4
Mθ
< j,m|Lz|j,m >,
=
2
Mθ
[2j + 1] + V [ θ (2j + 1− 2m)]
−
2
Mθ2
< j,m | r2 | j,m > . (15)
The next to last term in the right hand side in (15) can
be calculated using perturbation theory for large values
of θ. Indeed, in such case |j,m > corresponds to the
two-dimensional harmonic oscillator eigenvectors
|j,m >=
a†+
j+m
a†−
j−m
√
(j +m)!(j −m)!
|0, 0 >, (16)
where in (16) we have used the Schwinger representation
for the two- dimensional harmonic oscillator [5] and
< j,m | r2 | j,m > becomes
< j,m | r2 | j,m >=
θ
2
[2j + 1]. (17)
Let us consider now two kinds of singular potentials.
a)
If V (r) = −γ/rα, then V (θ) = −γ[θ(2j + 1− 2m)]
−α2 .
Note that this term goes like θ−
α
2 , and therefore, the rel-
evant contribution to the spectrum, for α > 2 is given by
the first term in (15). In fact the difference between the
levels 2j and 2j + 1 is 2/Mθ.
b) From the physical point of view, probably the most
interesting case is the Coulomb potential V (r) = γ ln(r)
which corresponds to V (θ) = γ/2 ln[θ(2j + 1− 2m)].
This could have a relation to the Quantum Hall Ef-
fect where electrons are confined in a plane. We would
like to remark that spectroscopy in two dimensional sys-
tems could be a sensible mechanism for detecting non-
commutative corrections to quantum mechanics [7].
Finally we would like to point out that our results seem
to indicate that the connection between the commutative
and non-commutative regimes is abrupt, i.e. the limit
θ → 0 cannot be taken directly [8].
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